
Itroduction to cluster aegebras and varieties

Lecture 9, 10

ArassmaniansPlabic graphs
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Д р
lавic graph - is a planar

,

bicolored graph

Today: Plabic graphs embeded to disk

It has n boundaryvertices ДД

labelled by 7,2,.;n
other vertices are internal.

() Boundary vertices have degrle 1.
l
not always necessary

,but JExample 2 3 we assume

Г. 4
1.
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-

5
8 r

7 6



Local moves

а M
1

а

2
а

j

for 4-gon face with vertices degree 3.

r

N ма r

.

r

D

Мз
D

Remark plabic graph is not necessary bipartate.
But it can fe made bipartate using G 2 2 93,



ForRem fipartate graphs M
1

can ве

restated as Follows lusing M 2 and U
3)

- МI а

-

2
j .

The equivalence class (
A3

graphs that can be

obtained from a appeying Mr
,

M
2

and Mз.

If $
aECaJ

Dwhich contain one ofthe

following "
badgones"

then G is reduced

а

а

а

-



Equiralently
,

any a should not contain

hollow bigon
an internal leaf which is not lollipop ( i.e - о

r -)
and does not belong to collapsible tree.

Quiver vertices - faces for G
.

r

arrows .
J NO AFTOW

a

e

M
2,

43 preserve the quiver
вOMI is a quiver mutation w.r.E COrresp. vertex.if

(*) Among 4 faces surrounding square the uitivConseq e

ones must be distinct



Example Restriction (*) faies for example fOr
J

-

graph
7

T

N

i

Zig-zag path (
trip)

is a path which
and left in whiteblack verticesmoves right in

T It.

а

7

I M

Remark For any edge there is aunique гід-Zад
path traversing e in each of two directions.

ід-zag eitherRemark Eack 2 begins on bourdary
Of form a closed walk.



Show two Zig-zags Starting atРговее
m

different verticestermo nate at different vertices.

Definition G plabic graph with N boundary
vertices

. П
a

ESN- permutation defined by NaliF
=j

ifFzіg-zag originating on i and teminating on j.

Problem Show that HG is invariant under moves MI,MZ,M3

Ifa reduced
,

then

O there are no closed ZLg -Zags.

& OEach edge belongs to two different zig -zags.
O Condition (*) is falfilled

.



Taliti Leta be reduced and
.

Then

connected Component Of G containing і collapses to
eoelipop

Definition Nal
)

if JAL
14j

lT if conn
. comp

. of i collapses
Nali)= to white lollipop

i if conn
. comp

. of icollapses
to black collopop

-
decorated

permutation
.

Theorem(
postnitorl a

,

a are reducedLet
.

Then

HLa
)

=
HLa)

a
'cfa)

For decoratedang permutation zG S
.t.П. П=-Па



Example
2 1

1
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7 Па l2345672)
t -

267
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567 467

З6Э
r

3
Let TKNESN

7 7

і C

237

а

S
.t. TR .N(OJF=CtK Mod N

450457 123
347 1 2.... NyN

6

r
З452М 4

КУЛ ĸ+Э КК.-У

5

Below redaced plabiclseedsfor Grtrio
)

graphs G
,

s
.t. Па=Пĸ,м

J
ĸ,vlilжi,

so no decoration.



Face variables

ZF
оr

any эід-zад assign M112Dz -union of faces left to

Face f7 numbers of starting
points

)

Of 7 S.t. FEDZ

C .f. fідurе( above
.)

Properties LetG
-reduced,

Пё=ПК,г
OLabeling of boundary faces are

6,04...
itK-1,

1fORIEN.

OAny face is labelled byK distinct numbers

Y іzE..IIKEN

fto iniiir 7 AEe
-IIRE$CAT

Lk,n77



OMoves M2,43 preserve these AI

M
1 Corresponds tO MUtatiOnOMOVe Of AI

I
2

I
2

- М1 а

In I I
з

n I1 I T-3
r

Iy Iu

plucker AIAIIFAIISI
,

TAI
2DIY

relation

we have a map fromA
-claster

аедевта to ССБ(ĸи))
(

Scott)

This is isomorphism.anTheorem



Problem O Find plabic graph Corresp. to

seed from previous lecture (тгіа
nguвar

seed
)

X
J j 7 j

t T t r X l
X ] D

t. t T N
r

t T

OFind plabic graph corresp to square
seed of the form

V

Hhexagon grid -'ане

Osquare grid. l l
-

l

-

consider example
,

say

Gr (4,9)



Perfect matchings

a finite graph. Perfect matching of 9
is a collection of edges of G S.EErertet
is contained in precisely one edge Of M.

dimer configurationsPerfect matchings

G GCDbipartite boun vertices of G are whitedaryl

Perfect matching boundary iswith r

Sit F internal vertex -11-

Notations

H black vertices G NeR FICL1,N4, IILK

H internal verticesWhite ба
N lSI-S wtlM)n ME Perfect matchings

A boundary verticeswhite with boundary ĸ



Exampee 1 2
-

( For simplicity we dropped condition a

T

в

boundary vertices
O

d

Diz
=ad

SZF C
O

-

D1=Af A вёtса e f
24

F
ас

A IСf 3
ЗЧ 4

D
13

124 -
A12

A34t A
14

123

Theor
еm AI 4 define a point in аг(ĸ.м

r
]IR

+

(
H

In real case
,

We have a map

edges
а

r(ĸи+

EKхampеe
a 6 0с l MiNOrs of K areflodfe

,

I I above



KasteleynTheorem I I a be planarLet bipartite

graph with black vertices вл,.. bv white verticesand

We ..,WN. Then FKEMatLN
+M),

Kij=IWtli-2)
detK=W+ID)

j D -perfect
d

matchings

K
r l l If there are no edges-

іwtI
(i,2)

іэд Kiз=оbetween then

= wEL
15041))

w
+l2-662)...

wut
/n-of)detk

2
Clв4"these signs should вe в yTh.



KastelegnTheorem ( 1 a bipartite graph with

S
.tboundary embedded into a disk all boundary

vertices are white
. Suppose

blackvertices G Nek

H internal verticeswhite G N

H boundary verticeswhite 9 n

Then FKE MaELN
+R IINen

)),

Kif= IWEli-2)
1.-.

N.,

I

KandFICOG
,

IIFR
,

AI =det Д--ĸ
r

CoAI 4 define a point in Gг(K.N

PI If all DIFO 20. K.
T

-,N.

I

Otherwise 7
I,

Kdet
Д--,КК 4

O

hence first
N columns of K are linearly independent



,)

Appeying ow Operations Кл *( Fаlс
t
H

1-IN.F
=deth..

I
- plucker coordinatesIIKц---ĸde

Kyn Lof matrix

Henc
е G.ed.

- .Analogy factorisation scheme Poisson

structure



R
-matrix

bracket

Едо gу =
Cr,

дод] GE LP) aLn.

coordinatesIn (д
, д E =5sgn(( i'-il+sgnlj'j))діді ёїї і

particularIn і ,д, 4=
Isgnlj'j)gi"д,"

д
i

і

/
cluster

bracket f
оr

e
іĸе frozen variables

Arassmanian arlkin
=

aly
K

Р=(жфдĸ
Гĸ

J In coordinates депегіс

g =/Wet wis i
2)

(8 tа-ĸ)



Matrix elements ofY-coordinates on

1.ĸтаэв Ar LK
,

)copen сеll of
S
Fв Ч.К. a

ЕĸУа
A
Ч..ĸ.

ви-ĸ+1 = n.
SF=detg?

Л.К.

т
hеогеm

P is Poisson-Lie Subgroup Of G
Corollary PoissonplG has a naturae structure

.

I : G- ПЖП

f
.gEQL

),Equivalently f
оr

any pla
ELH

+f,

H
+gE

ELalP nence 7 well defined

Lf
,

94 plaEe(pia)
= 3f,94p19H+3

H*f,

H
*gla

рговеет 24
a,

Ya
'

S
=Zlsgnla'-a)-sgnle'-o))

Ya
'

Yor

Note - Sign differs from I9
, д4 %ї above



Hint sufficient to compute 21..
Klave,

D
1-K'Klaive'y

CorollarySimilarly to felow
M

.k. 1. 29.:-7
biч.

MINOrs Of вл-ве- вл ве S
Л-.К.

Ya л--ae=IdetYai -ae- S
Л..ĸ.

Л.К.

Notations alhar
.,аel

if a"a: fi

a
'a,del

if a'sa: Fi
A

=3a1-Aĸy

I if asa ..del
Оf a 'har,:del

sgnla-L.. hest=8
ir

a'E 1
a1.

del
undefined otherwise

SgnlalA
), Sgnlb

'B)

If are defined and

Isgn(alAl sgnlo'B)I 41 then



ДіLyA
",

Ya 0'E= Sgnla'Al sgnib'-B)УУАв Уав'

PI Assume b'EB a"A=291-,Ge4=2b1.,bel

КУА",Ya
в"=&p,9=1

в

L
-110+8

Zya
,

89, Ya
?"s YAlan

Blba

=2E
.p,9

L
-11P+8

sgnla-ap) Yai9 Yap
'

YAlap
B

1ba

+ sgnl
'-bo)

Yalo Ya
'

YAlap11
b9)

2
EpHIPSgn

(a'-aplya'

Alapual
n

+
E1-1,9 Sgnlb'-bolYai9 YA

Blbauo'

8G#EIf =) YAB1BGUEO =3 second

If вФ=в
l

=3 Sgnlb'-bol=o term =
O



First term Sgnla-ap)-1

Buв

O=YAva=
Ya''

YAB +2L
-yPeL Yan YBAlapual

Henc
е ЗЦА,

в Ца"9=ДУАв Уа

Corottary LetA
=39n-,Ce4

B
3=3b1,-.be4,

A
'291,,

A
'4,

B
'=L

bi
,-,

bi
4.

Assume that for

any liER
,

1EJEK conditions of the Lemma
are Satisfied f

оr

A
,

B
,

ai ,bj. Then

ЗУАВ, УАiB'S= Glsgnla'A)sgnlb'-B).ТУА"У E
"

і ti
l

logarithmically constant
poisson Oracket

.



Consider set Of minorsFp
,8pER *, IIGEN-R

R
-р+фец..

2eф

(.!1Ff Fp,ф=yРФĸ-оĸвна

Кеф

R +1....R+8

FfР Fp.ф= Уĸ-pet,.,.R-p+q р l
К+Ф

Remark Any Fp.xq and Fp',q" satisfy conditions Of
Corollary. Hence 2FP.G,FpiGE =Fp9 Fpig

рговее
m

I , F.Compute pq4Fрo



Consider the following bipart tegraph

E хаmpеe Gr (3,7)

o Hexaдoпае (
K-1)-(n-k-i)

inside
а 7 xij-monodromy of the face

-

:.
" а

ĸ1%,.
S...

"1974

counter
-clockwise edges аre. 2

Х24 oriented
Х

-

7У

-х х
1а
23 S

ін

3

7 5 4

х x" Lx ',xE=x/xICluster Poisson bracket

Near the boundary Х "
d Lx

',XE=LJx. -

(frozen variables

Паз



T
д

The cluster bracket coinsides with

Skeganin bracket on the ArLkin
)

Remark Ax -is not function on artkin
),

fut
-

on Grtk
,n)

.

But ratiosSI/AI' are functions on Grlkin
)

On the other hand
,

these ratios are functions
on face variables xi ,j

we prove for certain bipartit graphbut esince

any two are connected by moves and mutation
preserves Poisson bracket Theorem holds EG

,

Na =IR-RN

РГ а A is monomial since
-

7 7 Ла...ĸ

i
"

" а

а
%,
" 2

7 only one perfect matching.
424

а

. -ххx
1а1314 ĸи

3 MoPeOVer S
1,.,K-p,

k-p+9+7,;,k+w monomial
TEPER GEN-K

7 6 5 4



we have A1..-p. =П 17E 2=1R-pegtt,.,.D+
Х
Ieminlp

-і

),9-
j

(
H)

Д...ĸ ii
д

I
124

D
134

745 -2

Examples A
1аз

I Х
l

=
1125

13)

Х Х,17 12
Хх

1лаз 11121 D газ
ХХ Х Х-н 1а 21 22H

In terms ofy-coordinates we have

A
1.

=
P .-P+Ge1.-16Kik l y
-

p+91.

418
R

if PE q- p+t,"R

A
1.-.R

y
41

i.,

16R if РФ

= FpФ
-ре,,

-р+вĸĸ

Compute FP9,Fp94 A
*)

and

Cluster Poisson bracket
using



Remark There is one more construction Of Cluster
Fockstructure on Grassmanian ( -

Goncharou)

The groирU=3(".415 acts on Grlk,n) with

open orbit. On the other hand U is a quotient
Of BOrel SUbgrOup B-BLPAL) bysubgroupвĸтва-ĸе(это
Recall B=Ge. Wo We pick reduced decomp.
Of WOE WEpaLR) s

.t.

it starts

from redaced decomp. of

WO
-WOEWEPaLII

1
paln-r)

and

perform quotient. -

r

-
а 7

Схамье антн вуломиm
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