
T-troductiontodusteralgebrasandvarietieshecture.rs
Total positivity . Netuuorks



Laurent phenomenon

Theorem 0 1$$
..

. a Then Ald
)-

Laurent$$

oeynomialson Al
)

with integer coefficients .$'

Alt
)

=Ai ,,Anitres-Am
unfrozen бгоzen

Il

Тлеотем AL )E HCAr ..AtI, AmsiAI
Pf on Aila

)

as aInduction d
.

Consider $
-

function on frozen variable Ar

Claim Any Ai al( has form of substraction
A

ĸо

free rational function



( i.e. I where P
,

Q - polynomials with positive
Q1

Coefficients
.

)
In particular Ailalzo

,

Ailalts

Induction step:
Ar cannot appear

Ad =-
M

л+Mа

Аĸ
both in M

1

and M
2

Aĸо

Sum productfiatioo
substraction free rational functions is
substraction free rational function



Laurent polynomial on
R

еmон

A a
)

-(s
j-IA1 Ан with colff

l in H

substraction free rational function
on AlcIAm

TheorAld polgnomials onLaurent

An -;A with colff inH
3o

Ехampее х?хуху2=ху?
Пеу
-substraction
free rational/

Laurent polynomial
,

fanction
but coeff . are not positive



Totally positire танĸа

-
совать

М - мл matrix м!!! -submatrixrowsnumbersde.dk
1- =D !!! - detnin.in Ж -

-

«ĸ

ii.
. . -

<И

1¥ Мани м is totally positive if »

I
,
]
,
111=19

☒ ( Ремон - Frobenius ) If NS.t М! >О
✗ - eigenvaluewithmaximal.NL .

Тел

@ ХЕК»
⑧ ✗ Но по degeneracy

② If ✓ = Ц
..ME/NiseigenvectoIMv--xvthenallvihavethesamesign



Th_lGantmaher-Krein1IfMistotallypositive@XiX2_.Hn>О

alleigenvaluesofM@IfVj--hhji-.ihjlENiseIgenVlCtOTМЦ. -1,4
ТЕЛ Ц; . . , mjhasexactlyt-lchang.es

Of sign .

Ровд

Prove@above.ExamIg
.,

Goals
parametrizel-pmatric.es

(
в вс

ав авиа) Efficient testfor тр

(тип less Дел ( %) - 1min01s )



Networks Lin form of bypartita graphs)

n parallee lines

Between the lines ееОГ

Insertvertices to make graph fipartate
) а

Zig-Zag path :

T
In

ftack vertex move ri
дh

а

I

7

M In white move leftvertex
--'

-

АИУ belongs to 2 zig-zagsedge with opposite
direction

.



Натри з

.

-

>
2 ' '

76-2-95
1

- .
\

.

.

←
- 3

2- ig -tag
. _ . 2

- . . I

Г-а- ОТ networknzig-zags-snz.iq- г-аф ←
Не Литваzig-zagsfrombottomtotopattheirbeginm.mg Ратными Ofотапде Zig- zags
41 . и

др
1+1

\

i i i Т

и i" #
"

i .
I i Si

Ретта tationof дгееп zigzags



Networkstssumeanytwozig-zagsofthesa.me
colotintersectexad.ly оне

И

2-ig-zagsofanycolorgivepermatationoftheformw.co≥ ( 12 ^

пн г)

Eqaivalentlysiformreduceddecompositionwoands.itот КЛИНА

decompositionwotleresi-li.i-HESnwo-lhi.li?dESn



Face variables

2- ig - Zagsbelow
Def То апу face Не assigr

123,123

2%-2495 вери

[ХИТРИS 12,23
.

12,12

'

23,12

jnifialmidots-1.rs
.

12
.

1.1

-

71
.

"

31

( ) 123123
. .

12,23
.

12,13
.

12,12 19,12 23,12

13
.

" 31

# пимвег Of faces = на -1+(11+11)
\ /

Литва- Ofslarited
edges



Те minorsontheboundarydonotdependonn.iq
. . _ ,
^ 2

,
- -

,
I

ПИНОК
1,2, -

i
,

ни :-, "

123
,
Л-241 N-273

Ё-" ¥2ЕЕ ÷

nti-diagonaeprinciplemina-sthesewillbe.fi-они ĸенаф



Quiveivertices-facesofgl.am ; '

Edges - Лосĸwisearoundblackverticesconter-ceockwisearoundwhitevertic.es
То алу networkweassignedaseedlQ.SI)

Тотем @ Ануtwonetworksoreconnectedbysequenceoftkefollowin.gl-аĸб

⑧ Thesetransformations.CO/TespondtomutationsOftheseeds
.



① (+2
Д

.

:p
.

c

Ё- 2 .

I -4
Д
. .

С
"

I A
, В

i
A И В

relationonface.ua/-iablesXY--AC-BDIntermsreflectionsТТТ Ёй
,

②
"

2qi.IS
" 2

,#ЕИ 1-ч .

С

i .

В
i

✗4=1-6 ВД sisi-usi-S.ie/SiSi-u
Д Д

.

③
14
A

'

×
,

с

" ^
A

.

У c

i
В

I
В

✗4=1-6 ВД 5
,
-9=59



П2 12

Exampee 2 а

Дл
z

Д
iг

- 2
2 2

1=2 АГ A ВД Dr Sl АД2 7

1
а

- l
1Aф= 1Dф=

Relation on face variables : AiAz "=Aiz
""

+ AiAI

Problem prove Opart Оf т heоtеm.

Hint For relations on minois use Jacobi's relation

on minors of inverse matrix

Adetl II =1-1)
242-(4+

Y2
ie

з
e

dets det ItYi
,

where IER1."1I

Remark -- Relations O and Oare particular cases Of

plucker relation

Relation 3 is Desnanot
-Jacobi

identity.
Used in Dodgson condensation (Lewis Carrol identity)



Theorem Any S
I

in seed forappearsJ
some network

l

Рговеет prove this theorem
.

Problem For n
=3

showthat unfrozen part Or
quiver is equival. to Du quiver

& OFind two cluster variables which are not

Minors
.

Cotollary If for given network all I530
Then аее I520

Test for TP Consisting On N 2 MEnOrs



Referencesfomintelevinskytotalpositivitytestsandpare.me
trization


